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Abstract
Envy-freeness and the relaxation to Envy-freeness up to one item
(EF-1) have been used as fairness concepts in the economics, game
theory, and social choice literatures since the 1960s, and have re-
cently gained popularity within the recommendation systems com-
munities. In this short position paper we will give an overview
of envy-freeness and its use in economics and recommendation
systems; and illustrate why envy is not appropriate to measure
fairness for use in settings where personalization plays a role.
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1 Introduction
Envy is part of the human experience: that feeling you might have
gotten when your sibling got a candy bar growing up and you
did not. The idea of desiring something given to or possessed by
others is formalized in distributive economics as the notion of an
envy with respect to allocations [11] of a set of resources. In the
economics and social choice literature, the absence of envy (envy-
freeness) has been one of several metrics used to decide whether or
not an allocation of goods (land, resources) is fair or acceptable [18].
This concept has recently been imported into the recommendation
systems space as a fairness metric to judge whether a set of items
recommended to a user (their allocation) is fair. In this short position
paper we will give an overview of envy-freeness and its use in
economics and recommendation systems; and illustrate why envy
is not appropriate to measure fairness for use in settings where
personalization plays a role.
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2 Measuring Envy
Envy-freeness (EF) is a concept from the economics of fair division
which measures how satisfied agents are with an allocation. It was
first introduced by Foley [11] as a means to measure allocations of
land and other public goods. The metric originates in the idea of
distributive justice [3]: when dividing up resources which may have
differing value to different agents no agent should prefer (envy) the
resources given to another agent over those they received. This is
formalized as the envy-free condition, which holds when no agent
is envious of any other relative to a given allocation.

Informally, envy-freeness is a property of an allocation. Imagine
we need to divide up some candy between three agents. We allocate
some pieces to each, and if every agent would rather retain their
set of candy than trade it with another, the allocation is said to
be envy-free. Likewise, the relaxation of envy-freeness upto one
item (EF-1) is the same property, but where we can remove an item
from another agent’s set of candy (typically the most valuable item).
Envy-freeness is an intiutivly appealing concept as it only asks an
agent to evaluate their bundle against others according to their
own utility, so we do not need to make inter-agent comparisons of
utility [4].

The classical model studies a finite and small set of items
𝑋 = {𝑥1, . . . , 𝑥𝑚} to be distributed among a small set of agents
𝐴 = {𝑎1, . . . , 𝑎𝑛} [2, 3]. Each agent is able to evaluate the util-
ity of each item; we have 𝑈𝑎𝑖 (𝑥𝑖 ) and 𝑈𝑎𝑖 ({𝑥𝑖 , 𝑥 𝑗 , . . .}) as, respec-
tively, agent 𝑎𝑖 ’s value for a single item 𝑥𝑖 , and a bundle of items
{𝑥𝑖 , 𝑥 𝑗 , . . .}. Because each agent values bundles independently, there
is no need to compare valuations across agents. Most literature as-
sumes that utilities are positive, i.e. an agent prefers to have any
item rather than not have it, and additive, i.e., more items are bet-
ter [18]. Current research in the area typically tries to relax these
assumptions in various ways and come up with strategies or algo-
rithms for allocating these resources under various constraints on
fairness, efficiency, endowments, etc. [2].

Formally, an an allocation of all items A, where A𝑎𝑖 is the al-
location of items to 𝑎𝑖 , is envy-free if and only if there exists no
agent 𝑎𝑖 such that ∀𝑎 𝑗 ∈ (𝐴 \ {𝑎𝑖 }) : 𝑈𝑎𝑖 (A𝑎 𝑗 ) > 𝑈𝑎𝑖 (A𝑎𝑖 ). That
is, an allocation is envy-free if every agent receives as much utility
from the bundle of items they have received as they would from the
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Figure 1: Three sets of recommendation bundles and utilities for each agent type. The examples demonstrate that there is no
inherent relationship between fairness, utility, and envy.

allocation given to any other agent. We can quantify envy by cal-
culating the number of agents for whom the envy constraint is not
met. Note that we do not add up the amount of envious utility, one
of the key aspects of envy is it only requires one agent to compare
their utilities for different potential bundles, nicely sidestepping
the common problem of inter-agent utility comparisons [11].

For indivisible goods, the existence of an envy-free allocation
is not guaranteed and even when one exists, calculating it may
be intractable. As a result, several relaxations of EF have been
introduced, including the popular envy-freeness up to one good (EF1):
An allocation satisfies EF1 if, for any agent 𝑎𝑖 that envies 𝑎 𝑗 there
exists an item inA𝑎 𝑗 such that removing it from 𝑎 𝑗 ’s allocation will
remove 𝑎𝑖 ’s envy of 𝑎 𝑗 . An EF1 allocation is known to (1) always
exist, and (2) be computable in polynomial time [6].

However, there are several shortcomings with relying on the
no-envy condition alone. For instance, the empty allocation, i.e.,
one where no agent receives any allocation, is envy-free since all
agents have both the same utility for their bundle and all other agent
bundles — namely, 0 [18]. Likewise, envy as a concept is built on the
idea that items have (at least somewhat) comparable values between
agents. Individuals may value one type of candy bar differently
from one another, but (likely) have a similar order of magnitude to
the candy bar valuations of other agents. Finally, it assumes that
these sets are small and that there is some competition. If there
is no contest between items, e.g., each agent likes a completely
different type of music than all others, then envy-free allocations
are relatively easy to find. Within the economics literature on envy-
freeness, the distinction between envy and fairness has long been
known. Early work has shown that, while both useful, these two
concepts are easily confused yet fundamentally distinct [12].

3 Envy in Recommender Systems
Recent work in recommender systems has adapted envy-freeness
to recommendation settings in several different ways. For example,
there is research in group recommendation in which packages of
items are recommended to a group of users and the question is the
envy among members of a group [16]. This setting is rivalrous in
the sense that all group members share the recommended bundle
of items, e.g., travel destinations to be experienced together.

Other works in the recommender systems space include Li et al.
[13] and Dickerson et al. [7] which look at recommendation in
ride-sharing, job-matching, organ-matching, and other two-sided

markets. Envy is more salient in these settings as the allocations
themselves are more rivalrous and intrinsic values are easier to
determine [13]. Likewise, Saito and Joachims [15] explicitly use
envy-freeness as a measure of exposure in rankings. This is much
more in the spirit of envy from the economics literature as it is
allocating a scarce finite resource, namely exposure.

A less convincing line of work is one that uses EF1 as a measure
of consumer-side fairness. The FairRec systems and related work
[5, 14] combines provider-side fairness while using consumer-side
fairness defined in terms of EF1 as a guarantee that fairness for
providers does not have a significant impact on fairness for con-
sumers. In similar work, Do et al. [8] highlight that providing parity
of exposure for providers does not conflict with giving envy-free
recommendations, but that more personalized provider-side fair-
ness metrics such as equity of exposure do not admit envy-free
outcomes. They show that in certain settings, nearly envy-free
recommendations can be provided and verified, while minimizing
the amount of user preference information required [8].

3.1 Where Envy-Freeness is Not Enough
Despite these lines of research, it is not difficult to show that envy
runs into trouble capturing basic notions of fairness in recommenda-
tion. Consider the following small example of the recommendations
delivered in a stylized recommender system.

Setting: Assume two types of items: blue (B) and red (R), and
two types of users: “blue” users (𝑎𝑏 ) with 𝑈𝑎𝑏 (𝐵) = 1 and
𝑈𝑎𝑏 (𝑅) = 0, and “red” users (𝑎𝑟 ) with 𝑈𝑎𝑏 (𝐵) = 0 and
𝑈𝑎𝑏 (𝑅) = 1. There are 99 blue users and 1 red user where
red users are considered to be a protected group. Each user
receives the same bundle of recommendations.

Bundle 1: B1 = {𝐵, 𝐵, 𝐵, 𝐵, 𝑅}; 4 blue items and 1 red item.
Blue agents receive a total utility of 𝑈𝑎𝑏 (B1) = 4, while
the red agent receives𝑈𝑎𝑟 (B1) = 1. The fraction of relevant
recommendations from Bundle 1 is 0.99∗ 4

5 +0.01∗ 1
5 = 0.794,

the total utility summed across all items and agents is 397,
and no agent is envious.

Bundle 2: B2 = {𝐵, 𝐵, 𝐵, 𝐵, 𝐵}; 5 blue items. Now we have
𝑈𝑎𝑏 (B2) = 5 and 𝑈𝑎𝑟 (B2) = 0. The fraction of relevant
recommendations from Bundle 2 is 0.99 ∗ 5

5 + 0.01 ∗ 0
5 = 0.99,

the total utility is 495, and no agent has envy.
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This setup is depicted in Figure 1. Bundle 2 is dominant because
it provides more agents with relevant recommendations and, hence,
higher total utility while being envy-free like Bundle 1.

However, this determination is at odds with what group fairness
requires. Recall that the red users are a protected group, clearly a
minority in this example. A typical group fairness metric compares
protected and unprotected groups based on the difference in their
accuracies [9]. For Bundle 1, that difference is 3

5 . For Bundle 2, that
difference is 1, making it the least fair option. The fact that the red
user has no envy relative to Bundles 1 and 2 is not because of fair
treatment, but because their tastes differ from the majority.

Consider individual fairness on the consumer side. A common
metric is the Gini coefficient of accuracies, measuring whether
the benefits of the system are distributed evenly across the user
population [9]; lowGini values are fairer. Bundle 1 achieves a Gini of
0.0075; Bundle 2, a value of 0.01. So, Bundle 2 is also less individually
fair, which makes sense because difference between the worst off
and best off users is greater.

The example illustrates that envy alone is not a sufficient metric
to capture consumer-side fairness, whether considered at the group
or the individual level. Now consider an additional case in which
the two groups of users get different recommendations. Two blue
items delivered to each blue user B𝑏

3 = {𝐵, 𝐵, 𝑅, 𝑅, 𝑅}, and two red
items delivered to the red user B𝑟

3 = {𝑅, 𝑅, 𝐵, 𝐵, 𝐵}. Now we have
𝑈𝑎𝑏 (B𝑏

3 ) = 2 and𝑈𝑎𝑟 (B𝑟
3 ) = 2. The fraction of relevant recommen-

dations from Bundle 3 is 0.99 ∗ 2
5 + 0.01 ∗ 2

5 = 0.4, the total utility
is 200, but envy is 100%. Every blue agent would prefer the red
agent’s bundle and the red agent would prefer any blue agent’s
bundle. Still, we have perfect fairness, every agent has the same
utility, so both group and individual fairness are maximized.

For provider-side fairness, let us invert the sense of our example
and consider two types of consumers arriving at a recommendation
platform: blue and red. We have blue providers, whose products are
of interest to the blue users, and red providers, appealing to the red
users. There is no utility for a blue provider in having their product
recommended to a red user because no purchase would ever result.
Our different bundles amount to different distributions of user
characteristics. The provider-fairness question becomes isomorphic
to our prior consumer-side discussion. Envy among providers is
not necessarily correlated with fairness, either individual or group.

4 Conclusion
Thus, we conclude that envy and its cousin EF1 are not, in general,
appropriate metrics for fairness in recommendation. In our exam-
ple, we see that a set of recommendations may be high in envy
and fair or low in envy and still unfair. This conclusion is strongest
in the realm of consumer-side fairness because the assumption of
personalized and diverse consumer utility is definitional for recom-
mender systems, as a technology of personalization. However, as
we show, diverse utilities relative to recommendation opportunities
may exist for providers as well, and in such cases, envy fails to
correlate with fairness on the provider side. Understanding how to
mix competing (and possibly complimentary) notions of fairness in
recommender systems is an important direction that we are actively
working on by incorporating more notions from social choice along
with stakeholder interactions [1, 10, 17].
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